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Abstract

A semi-empirical theory is presented for predicting the boundaries,
velocity decay on the axis, and the velocity at any point in an air jet
or variaible density sexhausiting intco air at rest.

The integrated sxial momentum equation is employed as the basic
equation in the analysis and an approximate expression for density
varistion 1s presented and analyzed, The shear stress is represented
by & form suggested ly Reichardt, This form is simpler than the
ordinary Prondtl expression,

Caleulationg ars made for range of density ratios and an znalysis

£ tha results ig sttempted,

A comparison with experiment 19 made indicating that the mixing
psrameter k18 depsndernt upon the density retio,

A -rethg’ for soluticn of the mixing problem using a nmore exact

density vsriation is indicated in Appendix Y.
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Distance along jet axis

Radial distance frem jet axis
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Pressure

Temparature

Speed of sound

Yeloeity in % direction
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Ratio of specific heats

Shear stress proportimnality facter
Mixing parameter

Shear strses

Turtulent wiscosity cosfficient
Tarbulent leinematic viscosity coefficient
Iiffarentisl ‘& distance

Tct2l jot momentum flux

Homentum flux constant
Dimensionless radius, A2,
Dimensionless axdial distance, "‘%;x’,
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Axial length of podential core

2} S
e IR

] ATy

oD ARG VIV N T B A PASN RN ED S MY g SRR TR £ AT s ST gy e




oo EEry

-

SUBSCRIPTS

P——rD)

Jet exit conditions

Quiescent air conditions

LA SERS G s T SRR

Integration linit conditions in integral equaticn

P-*» L

Potential core boundary

Q

Cuter jet boundary

O R e

R

S URARP Y B RORIE TS T

PR T,

TR SR AR R AT P e

R e Tt

BI%

Ot e R Sy T AT RTINS Ty e RO BRI TR SRR e e e el A 1T T A S e e e




R R PR  R  AATRAR T  E

bAtat &

PENT ORI

E
i
§
.
{

THE MIXING OF AN AXTALLY SYMMETRIC COMPRESSIBLE JET WITH QUIESCENT AfR

Introduction

The problem of the mixing of a turbulent Jet wlth its surrounding
medium has been analyzed extensively in recent yeers because of its
obvious iwportance in many engineering applications and, also, because
of ite dirsct association with the probiem of free turbulencs,

In 1526, Tollmien{l) sffectively initiated work in this field by
extending an analysis of laminar jets to turbulent jets through the use
of the Praudtl mixing length theory(2). iis theory was appiied to jets
issuing from a poirnt source. Since that time, rany noteworthy analytical
and experimental contributions have been made, Among these have been
Kuethr "3 calculation(3), in 1935, of tbe velocity profile in the initial
portion of & jet exhausting into z wmedium at rest; the suggestion by
Reichardt(lL), in 1941, of a new theory of free turbulence; the calcula-
tion of Jot wpread and velocity decay of o [linlie Jeb sextausbing inow
a4 moving Stream by Squire and Trouncer(S5) in 1943 the experimental
work of Forstall and Shapiro(6), repcrted in 19503 and the analytical
and experimental analyses that bave besn in progress at the Inglneeriog
Experiment Station of the University of IJlinois since 1948. A4 largs
percentage of the work that has been dons, inelnding those contributicns
nentioned ebove, deals only with incompressible f£low, Although there
have bean 2 rwumber of experimental investigations of compressitle jety,
the only theoretical approaches that are well known are those of Pai{7)
and Szablewski(8),

L ogereral, one of thrse approaches is used when & theorstical

analyeis of the proviem is attemphed. In the first approsch, & sclubion
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of the turbulent differential equations of motion is sought in order to determine
the velocity profile as a funetlon of axial distance. Kuethe, for the
incompressible case, and both Pal and Szablewski, for the compressible
case, followed this method, Xuethe found an approximate solution to his
equation using the Prandtl mixdng length theory expressisn for the
turbulent shear stress, Pail reduced the turbulent equations to a
solvable form after relating the turbtulent fluctuations to the mean
properties of the flow through Taylor's modified vortiecity thecry(2) and
represcnting the density variation by a form of the Crocco energy inbtegral,
Szablewski assumed that a modified form of the Prandtl mixing length
expression represented the s.ear siress and eliminated density “rom his
momentum equation by assuming that the spparent turbuvlent viscesity
coefiicient divided by the density was constant with respect Lo the
radial dimensione. A major difficuliy arising in thds type of treatment
is cbtadning a solution of the equations which are always non-linear,
A small perturbation analysis will usuwally lineariwe the equations for
3moll density and veloclity vardiations and reduce the solntion difficuvlties,
However, large variations imnwvariably nscessitate the use of highly invelved
numerical methods of solution.

The second appreach is one wnich uses an interrated momentun equation
of the Karman type(2). In this type of analysis, velocity profiles wust
be assumed to be similar throughout the jet or at least in portions that
are treated separately, and a particular velocity profile shape must
be assumed in nrder to solve the resulting equations. Squire and
Trouncer used this method, representing the shear stress by the Prandtl

formg to calculate the spread cf ithe jet ana the velocity decay along

the axis for the case of incompressible mixing
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between a jet and a moving external stream., Thelr calculaticns were

much simpler than those arising from the use of the ordinary differential
equations, and their assumpilons regarding the shape and sirmdlarity of
velocity profiles were well verified by Forstall and Shapire,

The third method that has been used is based upen Reichardtis
theory of free turbulence, FEszsentiully, Reichardt replaces the gradient,
or conductive, mechanism of momentun transfer by a diffusion process,
thus discarding the tasis upon which the Prandtl expression for shear
stress is derdived., Some experimental verification of Reidchardt's
hypothesis has been achieved; for example, Kivnmick(9), st the University
of T1linols has fitted the data of Ferstall and Shapire 4o an analysis
of the Relchardt type reasmably well.

It should bs realized that those analyses of turbdulent jel mixing
can only be classified as semi-empirical tieories because of the
anknewn constants thet always appear in the results. These constants
esult from the rather arbitrary represertation of {the turbulent shear
stress and must be svaluated experimentally.

Tt is the object of this paper to inzlude the effects of com
pressibility in the mixing prodblem by a method that will allow soiution
without a prohibitive amount of calculation. The velocity of the out-
side stream is taken as zero to sinplify the problem and, also, because
the experimental equipment at this leborabtory can be easily adapted to
such a condition,.

A method simiiar t¢ that used ty Squire and Trouncer is employed,
The effect of density wvariation is accounioed for by an approxdmation

that assuues the density at any point in the izt

gt

g a particular function

of the locil mean welcclty and conshart iantiiilesy wnly. Tecause it is
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believed to be not valid in compressible flow, the usval Prandtl

representation of shear stress is discardeds A somewhat simpler
form, similar to that suggested by Reichardt, is used.
The transfer of mass and energy are not treated, since experimental ;
results, particularly those of Towmnsend{10), indicate that the mechaniem
cf trangport for these quantitiss in a free turbulence phenomens is

different from that for momentum., Therefore, it does not seem logical

to present similar anslyses for the three quantitiss,
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£, Derivation of Integral Equation

The integrated axial momentum equation(2) used in this analysis is

2n
2 o
ﬁlﬁa%a(/z*d,s:i[ fa/za//z Tx

A brief derivation will aid in the urnderstanding of ceguation 1 and its

(1)

subsequent use in the solution of the mixing problem.
Congsider a circular disk of air, 2s shown in Figure 1, in a general
steady flow which is symmetric with respect te the x axis. The change

2

of avial momenbum across the faces of the disk per unit tinme is
An (P a)
e & 2nRdn
» K

Ths change of mass between the two faces of the disk per unit time is

5% '/-aa‘m 2PN
2%

(]

and, since tlis mass can only flow acress the » = pr* gurface

axial momentum change associated with the mass flow change is

C & - / o),
— 2R

The force exerted on the disk by the shear stress “@ is

-~\.
(L)
S

S -2WN2s ¥ ()
Notice the Expressicn Lt ignores the change in “? between x and x -
which 18 considered Lo be a second order effect, The pressure gradiends
in the r and x directions are assumed te ue negligible, follewing the

ugaz) boundary layer snd jobt assurmblons, thus caesing no unbalanced

a5y

pressure force on the disk,
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A summaticn of forces aciing on the disk of Figure 1 Ex-ressions

2, 3, and L, yields
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Tre signs of the terms in Equation § are dishated by the typs of
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nroblem being inveatigated and the form that is to be used Lo represent

¥

the shear stress ‘@ . Fouvation 5 can be transformed simply by

Lzibnitzts Rule to the form given in Tguation 1,

A TN T

R Aty

:

R. Approach to Frez Jet Analysgis

The derivation of solvable equations in terms of wnknoin

ety SR s

quantities uzed in this analysis is similar to that employed by Squirs
and Troonecer and will be discussed only brisfly heve. As shown in
Figure 2, the Jet is divided into <wo raglons: the cors reglon; in
which & "potential” core of constant Quantities exists; and the
develoned reglon, in which the core has disappeared and the properties
of the Jeb are changing continuously with r and x, UHoitice thet the
mexding region boundaries, ro aud ry, are defined by the spread of
velocily, oOr momeniuu,

Tt i9 assumed then that similarity of velocity proflles axists in

ey, R ARy Soes TR TN Y S SR A L M
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both regions and that these preofilss can be represented by » cosine
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Developed region:

e ;
Vs T{/—f-d‘ax 7?/-%3;; (7)

This assumpiion is well verified by experiment in the incompressible
case(6) and early experiments at thiz laboratory(1l) indicate that such
an assumption is still reasonably valid for an extremely ccld jets
Notice that both Bguation 5 and 7 become jaentical at the downsiream
limit of the potential core.

Now suppose that the density ,’ and the shear stress @ can be
represented ag functions of u, rgo, and ri. This will be discussed in
the following sections, Then; in principle, the prcblem can be soived

in the fellowing manner:

Core Rpucn

P e ]

Eveluate Equsbticn 1 at r¥ = r.:

e and g™ - i 7 X ]
<, PRI = 2 “ﬂ“ 2o
Therefore, Equalion 1 beconss
5 e
2
5 Fa 3 LR =o
e

or

/Jia
/f Purndad = Cowsr. = 7 (8)
(-4

73
bty

Dyostion € exprasses the condition conservation of fotal mowentumy L.e

: ki 4 o Foom oy A
the momeitbbe st the jet exdt whieh is ?»"?,, ""/e’? oL, f{/fz’,




PRSI

ks e e e

L Y e T

e

B B R e . )

Ly

AL 3 e

o A TS

8.

will be equral tc the Sotal momentum integrated across the jet at any
station x. Therefore, the constant ¥ in Muetion 8 can be evaluated
immedistely as :

L Pa e’
7 2 (9)

Bquation B can be reduced to a more usable form by splitting ths

integral into two parts
¥ Ao
3
fﬁdé‘;«a’ﬁ ?‘}[/9“ A = R (10)
-4 *

In Equation 10

1.3 2 ,"&,
f/’a I TZE f“”j/ﬂd/z =l g
® 2
8o that Equation 10 becones
! 2.2 a_az .g t"ﬂ‘ & ﬂmﬂ
.....Z:,‘:.‘Eiﬂim? .gnt/ Pk AAAX R = e (11)
Y
Evaluats Zquatlon 1 at o = ESL;:E :
) a.v 5 4 e ﬁ:
? ‘ g&fﬁg"m 2 ’1'26, o/?d) ) “*/a’ 3/2 .ﬁf(g‘- 2
thereiore, Equation 1 becomes
Rt /Ly lﬂa‘g-_./z‘j
5 /& & _ e T :
3';{} f;a/lnf /Q&Qﬂ f&/?é(/? - 2;;.9:4.: =3 (12}

Agzin, by splitiiug the integrals. Fouation 12 reduces to
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According to the assuwmption above thatlfp and 1?'may be expressed in

terms of uy ri, and vy and that u is a known function of r, Fouziions
11 and 13 are recognized to be two simltaneous equations for the +wo
unknowns, ri(x) and ro(x), and in principle; can be solved for these

unknoms.

Developed Region

The derivation of equations in the dasveloped region is simdilar o
that in the core region. However, the unknown ug(x) now replaced the
unknoan 5 (x).

Evaluate Equation 1 al ¢ = rgs

» — . 4 —
’Z' / “#A. c/2e =

Then Fquation

which expresses the same relationship as Egquation 8, Therzfore,

2o a 2
E 3 = 4 'pa’i :‘/é’
j:ﬁéz 2t = = fF L -

2

0

Eviluate Fguation 1 at »i = T ¢

&»s%m 2"(/.1‘,/20) J d%;g%_ = %

Fguation § beeomes

Refa 20/%
,af e 3 /
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10.

Equations 14 and 15 are two simultaneous equations for the two unknovms,
ro(x) and ug(x).

It is seen now that the problem will be completely solved when
ro(x), ri(x), and ug(x) are known, since the velocity profiles at any

station x can be constructed by the use of Equation & or Eguation 7.

C. Density Variation

As has been mentioned, the use of the two sets of simulianeous
equations derived above for the solution of the problem depends upon
the possibility of expressing the density f’ as a fimection of not more
than the three variables u, r,, and ry., The special .ase of inccrpressible
flcw,fgm constant, has veen .reated by Squirs and Trouncer. In this
peper, en attempt is made to solve the mixing problem for the general
case of a jet of unifern indtial density j? which 13 arbitrarily different
from the densitngz of the outside mediwm. It 18 necessary then to
chooee 2 suitable function ho represent the wvapiatinn of deneity,

Fal uses an expression of the Croceo type to satisfy the temperature
variation in the mixding region of the fres jet,

. 22
T =3 r B jgzzé

The guantities A and b are constants that are determined by the boundary
condibtions of tue problem, Since the pressure in the free jet is assumed

to be constant, the density vardiaticn could be expressed as

...{.“ -ﬁﬁ /‘? A
= -—‘/;?1"5“ z}"?hjgz {14)

or, in other enrds, the density variation is a Humction of velocity zione
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end constant quantities, T+t wasz observed that the use of Expression 16
weuld cause gresat difficuldy in the evaluation of the integrals in
Equaticne -1, 13, 1, and 15 when Fquations 6 and 7 were subsiituted
for the velocity variation, Therefore, a differznt variation of
density is used; however, its dependence upon velocity alone is
rebzineds Appendix I presents a possible method for the inrclusion of

a variation of the type shown in Fguation 16.

The density variation that was cheosen is

P-fumcut

(37
The constant in Equation 17 is detesmined {rom the condition at ths
nozzle exdt as
& o= fa,g.,,‘:_ﬁ.
&t
and, therefore, the density at any point of the mixing region is given
b‘y
~ 5
j@u'-‘»'mmﬂ:x* e ® e fa (18)
&

It is realized that fquatien 18 is only an approximation. An estimate
of 143 validity can be made in the following manner:

am-?éwg

Since ;ﬁ = ponsbant, .?:..‘-" L £ =
?‘ ﬁ% f: e

Suostitution inbto Hyuation L8 gives

7z ’ :
F I T (19
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Newr, 1f the speclal case in which the jet has the same stagnation

enthalpy as the surrounding flvid is considersd, T, = Tg

| s and
7a Tl 4y 2
— =y =M
7; / 2 4
It is assumed that T, = T4 throughout the mixing region. Therefcre
Bquation 19 becomes
T =
S &7/ 2
7 L,
or
. a
Zﬁﬂt/‘f u;@. (QO\
b el 62,‘ LEYy

Bguation 20 is similar tc the ordinary expression for the adiabatic
q v 8Xj 3

one dimensional flow of a perfact gas

4 A P2 S i AR
— g K

Ta ., p-t 4
7 2 R*

except that ths constant alz is substituted for the variable (throughout

the mixing region) a<,

Sonsider a zold jet; i.e., one in which the temperature o {he jetb

k3
is less than the suvrrounding mediu. The quantily [ =L wiil always
.2 g 2. a” kX

b

(¢
l-l

as one goes away from the potential core because

’ Wy g2 ®
arger Lhan 821 &
arger than = =y

of the restrietion placed upon 8y The error will be small near the core

and will jncrease as the distance from the core increases. However,

. 2 o , e
as one goes away from the corey; u becomes very smaill and the ccontributiosn

o~

of the increased errnr in a3‘ iz believed to be snall,

for a ot Jet; i.e.; one in which the temperature of the jet is
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13.
Greater than the surrounding medium; Lt is impossiblz to have the same
stagnation enthalpy in hoth the Jet and the external £luid, and the
analysis does not apply.
Suppose that 2, = e¥hae been used instead of Equatica 17.
The equation thiat is derived for the caas of constant total snthalpy,
corresponding to Equation 20 for the u2 variation is,
- K
u
In Iquation 21, the term7§_has a reduczing effect upon the right
side of ith: equation. For the cold Jet, this is compensating compared
to the u2 variation, however, 1t should be noticed that the compensating
effect for the cold jet will prehably be +od great at larger distances
from the potential core aince %T‘“’o“
It a density variation of the'type F-F = T is used,
the equation corrssponding to Equation 20 is
I8 o, p Tt ™ L (22)
7 2 &% S,

The z%;ié term in Fouation 22 will add to the errcr for th
E4
cold
Thevelore, 1t iy belisved that, at least for a cold Jet, the density
variation can be represented by an expressicn of the form
- o]
e 2 e O

o

where o wvandes babwesn 2 and 3 thyauvghont the wlxing region. For this

analysig, Hhe vaius of o e & way usad, 1§ is assuwed that, 31 least for

B T A s (Ll
i ‘-,—-“}..su
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a Jet whose initial density is not radlcally different from that of the

surrowiding fluid, the density value given by Equation 8 will give a
reasonable representation of the actual phenomena.

It should be mentioned that the density change represented by

Equation 18 will satisfy the condition of a stream of arbitrary velocity

$0 long as the assumptions ¢f the analysis are not violated; fcr exampls,

the presence of shock waves in the jet core would spoil the assumption of

uniform velocity.

D. 3hear Stress Aepresentation

The representation of the shear stress in s analysis of a2 furbulent

flow has teen 2 cumtroversizl suplect for magy years. The zost welle

kown method is that of the =ementun iransfer theory baszed upon the

shear stress; sssentieally a turbolieat {Inctustion phencmeni, o the

T

Dmean propesrtied of tog Iiuid theougn e fistitiows tmixdng lengiy’

Tris thecry hes given reagonatiy soold Tesulits in incompressitle provlems
- =4 J

Tor determinine the spresd of momeminsn, Homerss, in thoe sobsiderabion
cf & turtvelent romoressible flow, 1Y Aoer oot seem Joriesl) o use sueh

P i ory, e - - e " T o - i - ML S g o o
a representation, since the compressible fturbulent ernsiions of motion

>

canidt e derived e zive the same form for ke Lurbulent shear sirass

as the ircompressitle equaiions,

Yk : =3 ~ ™~ Y e T o s Y e e - & o .-
For this rezson, & #imgle fors for the wurbolent shear siress is

nuzed in this poper instead of the Frargtl Jowrm,

r=e 55

A oni e R e . Sy 2
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In Equation 23, e can be referred to as a turbulent viscosity conefficient

and u is the mean velocity of the flow. Some attempt must be made now

to express e in terms of w, r,, and ry only so that the equations derived
in Sectiom = myy be solved., 3uppcose tnat e can be broken inio z densify
cependent term and 2 geometrically dependemt term. The sisplest way to

3o this is toc szy

&zPé

wnere & can e considered to te 2 turbtuler inematic viscssi oy

cgefficient, I% 15 assumed to vary only with ®Wzs sungested by Telohe

»*w.

whe reached this sonclusien *hrough the analreis of many inmcorpressible
experimental data., Thersefore & is assumed 6 be proporiicaal to the
wiath of the mixing reglom, wiich is only a function of x, The shear
s%r688 1s then given by

ffoma Becton:

T2 PR N-R) 54 b

Developed Regliom:

- 24 {23

The guantity ¥ is then experimenially determined vroporilicasziitr

A Aol

ronstant of the Sype That uwsually appears in ssmi-erpixical anmalyses

o S . - ay o W -
wed has the dirensions of 2 welocity.

T ok A L



F. Solotion of the Eguations

Care Region:

t
%
It is now pos3idble io express Eguaiions 13X and 13 in Yerms of only
the two dependent variastles r; and rj . Sudstiiution of Iguaticn 38
2 for f snd Bquaticn 25a for T gives
F Ta
4 P N uf
2 ﬁb{r /?:l. r fﬁ,“_-ﬁ fﬂ?&f g/z :g/ﬁ S % )
3 . R 4 f &, & . =
5 A;' .a- ¥ j
3 AT

N ﬁ;'ﬁ #
f * -?E-;'-‘-.&'%f:ja%d/a
_g i

N
\
+
7 zm

‘\
¥ ~ et > ;
: - N e wy IZPEW PJ“#’Z.J'@ { .
: S 3’357_;&‘. z £, ' { &%
: o L .
: == - fjﬁ 4 »‘//3. 7"“/14_) )
£ /6
The »irht sife of eguztion 27 is obtained Iy evalwating in
; - - i +
; Zysaticn 252 84 ¢ = s Trom Pquation 6.
The intecrals in Fonations 26 and 27 can be evaluated by ordinary
methods after sabstitaidion for u oy Eguation 6. The evaluzted integrals

- we

[4

- v eRR

znd hoth egquations can be seen Lo lowolwe ondy ihe varianies rp asd r

Toon reductiosa, tre noo-dinensicoad eguzbl

Lorifaff-)rsp r AR falF e o

» RYL - F(-1)-2F

2
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17.

r r
where Ry = ?’; y By = ?% s X = g—‘l-; The lettered constants are given in

Appendix II. Bquations 28 and 29 are similar in form to those derived
by Squire ard 'I:rouncer who give an intricate method of solution for
R, and Ry, This method is not followed, however, #ince it was felt that
a graphical integration would yield results more quickly,

The method used to solve Fquations 28 and 29 is as follows:

Equation 28 was solved for ‘RO in terms of Ry and al:o differentiated
with respect %o X to give i"% + Rgs %, andg-;%’Were substituted
intc Equation 29 and, upen reduction, an expression relating R; and X

was found,

YR K
:ﬁf’@‘)ﬁx =, (30

By =135 X=60

Foguatian 30 can pe inlegrated o give

P 4

s

The fuaction £ f2: ) was caiculatad for values of R; varying belwecen 1

L -

o -

at whe oogeie Gt and O ab the end of the potentisld core and for various

-

s 7 X W gy 01 ; .‘:E
;lﬂﬁiﬂ- *ralll&u 'Qf a{ x
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Deyelopad Region:

Substitotion of Bgoatiom 18 forr f and Bgnation 2kt for T into
Bquatioms 1 and 15 gzives

f&[/’ﬂ’f’a’ +fjd£'ﬂa//2 e

]
Sapd

[£%]
ead

Tre integrales in Tgustions 32 and 33 sgalin can be evaluated when
substinotion for 13 made with Bguecion 7. The noan-diwsensicnal equailons

e one

YA
. - g;’“‘? + ér p TR
1) 2 Ut S ()

k-9
Ko =

%}{J {f-g(/& ~¢z‘§) - %‘(?“?’}j?

.o ,{y St .é”’)ﬁaf,-adi}v’- Zor ‘*‘?f)}?

{3}
g v & 2 x5 -
= //.i?;““/é ' fE rf g o
n:em‘.’*ozz;,&:a,'izl%g The laticred constanits are giver in

ippendix TI. Substituiion into Hmation ¥ for R, from Equation 3h results

b+
\

3
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S
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boundary condition that

U=1atX=X
)

where I c is the lZength of the poteniial core, i3 then enployed to

integrate Pgustionm 36

[;(m’d“”- | Sx=5 (x-x)

X, 7

The fanction g (U) was calenlated for yalves ¢of ¥ and f% in the
-

following ranges:

228 > AP = 1657

19,

v
VY
)
-~

. o, 1 4 - 3 =
Valves of — X correspording to ¥ were czleulatsd grachically according

to gquation 37. R, vaiues were celculated from Eymation 3ise

- Mg B S e .«.@"x & T T SN R ] ey ey e B S
ZOLBENLTRITN o= R 10T TERILOWES denSLly TAlLLE,
&L,
s A A - . =
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Solution of a Particvlar ¥Nixing Problem:

RPigurss & and 9 present crossplots of Figures 4y 6, and 7 showing
the spread of the et znd the decay of velocity alomg the sxis respeciively
as a function o i‘f/;P for warimz X waluves., When it is desired tc
predict the characterietics of a jel of kacwn Zensity, or tesperaiure,
agsuwming the tresnurs $O be cousmtant, exhaustisgs inbte z 54111 mediunm of
imown density, Figures 5, 8§, and 9 are easiiy used to find the potential
core length, the jef boundaries, and ihe veloeity decay on the aris.
Scuation § or Eguation 7, ihe cosine veloslty wariziionms, will thep give
the velocity ab amy point in the 3st,

It is the purpose of this paper to discuss the effect of density

upon & jet discharving Into s%ill air only. Hewmersr, il seems that

the case of z2n exleranzl sirean welocity not eouel 1o z=ro could be
taken inte account guite s2sily br the rethod civen by Kuchemars amd .

Weberf{12) inwmiving 2 chanze of the coordinate syotem.

Effect of Density Variatisn Uporn Jet Characteristics:

Qaiitatively, the effact of vaoying Qensily upon the charac

o

EriStics
of a2 jzt sorecding ioio a fres sireaw of sero relociiy can be seen in

Flaares & and 7. It is noticed that the potential core becomes longer

as the deasity ratio increascs {Pigure S, 4 hot jei, low ‘ef&vﬁa;es, \
oob oniy has 2 shorter wvoteniial core, @b 1LS cemderiine veolocity alise
frons off mich Taster with axfel Jistance than 2 ccli fsi, This is ia
gemeral agrocwmeni with Jorrsin and Therolil2’ wiz observed thal a warm
Fet smreads faster and, therefore, ilz centerlice vesoolly decroas<? sore ';i

=3 i_\‘:"l.-:-“f:w."' ;W,am.“i‘s-

1—-.




raridiy than a cool jet,
The spread of the jet boundaries, R; and By, is interesting when
he it is noticed that wntil an axial cistance of mix = 055 is
reached the hottest jet, 5 Y@ = .1667, has the least cutward spread,
although its imrard spresd is the most rapid. However, after 5' = 06T
this jet hae the nost ravid ovbwerd spread. These effecits can be
explained, gualitabtively, as follows:

Conzider a hot and a cold jet of egusl initial veloceity exhansiing
from nozzles of equal radi® into surrourndings of equal density. The
total mowenium fhux of 2 jet, which will be proportional to Pu’, will
be less Tor the fot than {for the oold jet., For this reason, a comparitively

mall ampoant of nomentuw transfer wiil be needed in the hot Jel case to

destrocy the polerntial core completely, Conseguently, 8 smaller amount
of cutside zir is reeded to be entrained, causing less ounlward spread
for the het iet in ibe core region. After the core has disappeared,
the relonity on the axis decays wore rapidly irv the hot jet, also because
ef the reascn just given, However; the comnservation of momenium

s conditicn smot be preservwed tilms pcausine the outer houmdary of the hot

Jet to spread rapidly after the core is decstroyed,

- - ¥ -
The Mixing Tarametar, A0

Fatil now, the resulte of ibe caloulations have besn pressnted in
terms of ﬁ- X s K teing the proportiomality constent in ike shear siress
*

remgressntat ;CL;

zaticon 25. At Tirsi, it arpears that ihe absolate

5k
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show quites clearly that the characteristics of the Jjet depend primarily
upon the ratio of the extrenal stream veloclity to the jet exit velocity
and only negligibly, if at all, upon the absolute wvelocity of either.
Therefore, since this analysis was derived for the frse jet case; l.e,.,
for the particular velocity ratio of zero, neither the veloecity nor any
velocity ratio should enter into the determination of the jet character-
istics, For this reason, it is believed that the quentity g.' should
be congsiderasd as the empirical constant instesd of K alone.

A value cf ;’E was deterwined from the data of Pabst(lh), which
was taken at a density retio f?/ﬁg = 55, A value of 3% = ,0038
was found to match the length of the votential core, which he found to

be 12.0 nozzle radil, & comparison between Palstls veloeity decay data

and the velocity decay predicted by this analvsis (Figure 9) using

x
ey

up t0 the 1limit of the experiment which is about 25 nozzle diameters

= 2038 is given in Figure 10. The agreement is reascnably good

downstraam.
. - & . ’
There is, hawevery, an indication that z=, varies with density

ratio ﬁ/ﬁ" . Data taken by Corrsin{ls) at a density ratio ﬁ/jﬁ = 9685

result in a Zt& value of 0059 when the theory is matched with experiment
4

at the end of the potential core,

The results of zarly experiments at this laboratory (11)

are shown
in Figure 11 for the case of an extremsly cold Jet, },?,% = 2,30, When

evalvated at the end of the potentizl core, as defired Yy a sudden chanrce
& g =

X
&£

veloeity de.ayv downstream is then falrly gond; however; the nunber of

in center lins velocity, = ,0033. The theorctical agreement with

experimental dsta are nob sufficiernt for an accurat~ svaluation, Tt

should be nobed that the jet exit Mach number was approxima’ely 2.0 in

these experimsnts and weak shock disturbances present in the initial g
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portion of the jet might have changed the length of the potential core

from ite ideal value, It is believed, though, that shock effects were

grall and that the value of ‘% = ,0033 is reasonably accurate,
Therefore, ‘here appears to bLie a variation in the mixing parameter

Vi

= with Censity ratio, which was not accounted for in the development
4

cf the thecry being presented. A systemabic experimental determination

of g will be a part of future tests condvcted at this laboratory.
L4
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Appenddx T Solution of the Mixing Problem Using a linear Velocity

Profile and the Crocco Integral for Density Variation

Tquation 16 is an expression of the Crocco integral type and is
an exact solution of the general energy equation in the Prandtl number
of tha flow 15 assumed to be unity and if the pressure is assumed to be
constant., Tt would be desirable o represent the density varlation in
a jebt by such an expression instead of the approxiration given by

Eguation 18, Fauation 10 can be rewritten as

2
Fraradu-L (1.1)
where ¢ and 55 can he determined by the boundary conditions of the
givon Jet.

The appllcability of the method of solution presented in this paper
: depends upon the possibility of being able 1o express iategrals of the

{form
“ 3
[ﬁa%d@ (1.2)

as algebraie functions of their limits, since the limits always contain

at least one of the unknowns of the problem., That is, expressions
: gimilar to Fquation I.2 must e integrable, The assumption of the cosine
shaped velocity profile eliminates the use &f Equaticn T.1 as a density
variatlon because of the resulting complicated form of the integrand
in fquation I.2 when substitution for u is made.

An interesting caleunlation has nean mads by Fitkin{1l) at this

lahocratory. He arpilnvad a linear velocity variation zud recaleculated )

i
e
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the incompressible problem of Squire and Trouncer for the one case of

no external velocity, obtaining resulis almost identical with theirs,
This shows in pari that the assumed veloclity profile is of little
importance in the method of soclubtion, a result typical of analyses

employing integral equations., The velocity profiles used by Fitidin

are

Core Region:

AR -2
L=k, § Zomde (1.3)

Developed Region:
L = ﬁct/‘m '"f (Tols)

Now, if it is assumed that linear profiles can be used in the

compressible jet case without causing an appreciatle change in resulis

(& method of checking this assumption would be to repeat the analysis

presented in this paper using linear profiles and compare calculated

results), the problem may te solved using the more exact density

expression, Wjuation 1.1, This can be seen by substituting Eouations

I.1 and 1.3 into Bjusation I.2 which gives

s a” Re -2 2 e
“, T~ 2 ,Za,_,z I.5)
e ot P ~ LT
2TH

Upon reduction, Fouation 1.5 wmay be sp

coumpdicated being of the form

& 72 ’
/ e o HRA (T.6)
3 ‘gyf' cg&)’@fz@, /‘: LeV
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Appendix 1T Constants and PTunctions Appearing in Equations

Eguation 285):
28 /8 ..g- 2
ZYEEY & 7 7
2, = &
L = %‘i &("" n%
. 35 . I8 : o
B e
Equatien 29):
, 3 (623 P A AR N
h=E% v %~ amin= /T8 T AT Tip .
/8 /6783 JIEEE SR
R = 6’4}".?8&”& £ = 78 ?“4,7"
ﬁéf /Es3 =B pad o B

Sguation 30):

FlR)= (B~ GE) (R R 2)+ 2 (- GE)R:

wheres {//‘()a P Aoy }.@
Ruw = FR 2 Y F R Gl e =)
:&«ﬁ
’3"»‘&';//‘- “ﬁ?‘ ~4ma, =]
pe b (-1 )uj xg@ffwjmﬁ

o NPy I

E=zafF-1jrb

&m,:_.;/:a’f?w ) ez
=g~/

er case letters refer bo

- z;'/ =/ »f
o ’c!/’;é/«{} e
w= Y
constants listed for Egustions 28 an
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Equation 34):

ZRE
72

&, = &8 _
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Fquation 350

387
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Iqustion 35}
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